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System implementation requires adding a magnetometer, a
control amplifier, and the electromagnet to the attitude control
system. A single gimbaled magnet or three fixed magnets, of
air-coil or iron-core construction, may be used. In all cases,
the total weight of conductor and power supply (solar array,
batteries, and control amplifier) is a minimum if the conduc-
tor weight equals the power supply weight.

Although the total weight of magnet plus power supply is
smaller for a gimbaled design, the additional weight and com-
plexity of the gimbal mechanism and the space required to
accommodate the moving magnet make the three-magnet
design, in particular the air coils, more attractive.

Placing an upper bound on |M|, the magnitude of the mag-
netic moment, allows an iron-core weight savings of 15%, but
results in little weight savings for air-coil designs. Day-only
dumping writh a constant M | eliminates the need for battery
capacity, but a larger magnet size is required because of the
reduced dumping time.
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Design of an Optimal-Adaptive Digital Autopilot
N. N. PUBI*

Rutgers University, New Brunswick, N.J.

The heart of this autopilot design for the flight path control of an aerospace vehicle is a
digital computer with three software subroutines for identification, optimal synthesis, and
digital compensation. Vehicle motion is described by linear differential equations whose
parameters change over a very wide range during the flight and are unknown except for some
a priori guess. An identification algorithm based upon discrete orthogonal functions is used
to identify the flight motion parameters. An optimization algorithm based upon quadratic
performance index determines the closed-loop characteristic polynomial, which when com-
bine with identified flight motion parameters yields the suitable compensation.
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Nomenclature

Fourier coefficients of Xj(ri) with respect to
orthogonal set <pk(n)

coefficients of z~n in the series expansion of the
numerator and denominator, respectively, of
G<»(z),n = 0,1,2,'...

Fourier coefficients of Uj(n)
performance index parameter
coefficients of zk and z~k in F(z)
autopilot transfer function
vehicle and autopilot transfer functions com-

puted from \Xj(n)}o*N and {uj(n)}Q
ZN

optimization polynomial
vehicle transfer function
performance index
number of samples required for vehicle dynamic

identification
identification time
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u(t) = vehicle input or control signal, measured
u*(t) = vehicle input, without noise
x(t),x*(t) = vehicle output, measured and without noise
Xj(n),Uj(n) = sampled values of x(f) and u(t) at t =

(j + n)T/2N j = 0, . . . , oo,n = 0, ...,2N
v(t)t<a(t) = input, output noise
{<pk(n)}o° = set of orthogonal functions, n = 0, . . ., »
&k(z) = Z transform of <pk(ri)
s = Laplace transform variable
z — Z transform variable = e~sT

V(z) = characteristic polynomial of closed-loop transfer
function

Introduction

INTEREST in digital autopilot design has increased in
recent years due to rapid advances in digital technology.

A conventional autopilot is an analog device that provides
some fixed compensation based upon assumed vehicle dy-
namics and environment. The necessity of providing guid-
ance and navigation functions for aerospace vehicles makes it
very attractive to combine all of these functions in a control
digital computer. Since the autopilot function in a digital
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Design Criterion^Roots Of 1*G(s)D(s) = 0 Are
Desirably Located

G(Z) =

D(Z) =

Fig. 1 Conventional autopilot.

device means only a software routine, it can be changed at
will without the constraints of a hardwired device. Refer-
ences 1-4 and 7 have shown the feasibility of applying the
adaptive control system technology to flight control problems
where the environmental parameters such as dynamic pres-
sure vary in 100 to 1 ratio.

In this paper we discuss identification and an optimal
compensation algorithm which is quite easy to implement.
It works on the incremental basis. Furthermore, after every
sample (with the exception of the first few samples after the
start), updated identification and compensation parameters
are obtained.

Comparison of Autopilots

Figure 1 shows the schematic diagram for a conventional
autopilot in which G(s) [or G(z)\ see Appendix A] represent
the vehicle dynamics whose parameters are assumed known
and invariant. The autopilot transfer function D(s) [or
D(z)] takes the form of a lead-lag network. Its coefficients
are so chosen that roots of the closed-loop characteristic
polynomial 7 + G(s)D(s) have the desired locations. This
can be accomplished by root-locus, Bode or Nyquist plots.
The root location sought is such that adequate margin of
stability is available under small but adverse variation of
parameters of G(s). In case the parameter variations of
G(s) are such that a fixed configuration autopilot cannot yield
adequate stability margin, a semiadaptive autopilot scheme is
needed.

Figure 2 shows the block diagram for the semiadaptive auto-
pilot. The flight path profile is divided into N stages and
during each stage the vehicle dynamics are represented by a
precomputed transfer function G(^(s)(s = 1,2, ...,N)
characterized by the average value of the vehicle parameters.
A preprogrammer such as a clock switches in the appropriate
autopilot compensation D^(s)(s = 1,.. .,AO such that the
desired closed loop roots of 1 + G(i)(s)D^(s) are obtained.

If the parameter variations of the vehicle dynamics during
flight are such that neither of the foregoing method yields
adequate stability, the digital autopilot shown in Fig. 3 may
do so. Its heart is the computer with three software sub-
routines: Identification Subroutine I, Optimal Synthesis
Subroutine S, and Digital Compensation Subroutine C.

The quantities u(t) and x(t) represent the vehicle input (con-
trol signal such as the flap position) and the vehicle output
(normal acceleration measured by the accelerometer) re-
spectively, both being contaminated with noises v(t) and
co(0 due to measurement and turbulence. Thus, u(t) =
u*(t) + v(t), and x(t) = x*(t) + w(0, where the asterisk
represents the uncontaminated signals.

The autopilot operation is sequential and is executed as
follows: both input and output are sampled to yield x,(n)
and Uj(ri) (n = 0,1,... ,2N). The quantities

Fig. 2 Semi-adaptive autopilot.

are fed into the identifying routine I to yield the updated
transfer function G(j}(z). Thus after the first 2N samples,
the updated transfer function G(i}(z) is available every T/2N
sec. Parameters corresponding to G(j)(z) are supplied to the
optimal synthesis subroutine that computes the optimal
compensation D(j}(z) and hence Uj(2N + 1).

But

Uj(2N + 1) = ui+1(2N)
uj(n) = uj+1(n - 1), n = 1,2, . . ., 2N (1)

Similarly

Xi(n) = xj+l(n - 1), n = 1, . . ., 2N + 1 (2)
Hence a new input and output sampled set

is available to restart the autopilot.
This method provides continual identification and adaptive

compensation. In what follows we shall discuss the al-
gorithms for identification, optimal synthesis and adaptive
compensation.

Identification Subroutine

Many methods have been proposed in the literature for the
identification of the parameters of the unknown plant. Most
methods consist of applying some perturbation signal to the
system and recording the response. This approach results in
interrupting the normal operation to some extent. Even then
the presence of noise makes the identification difficult, if not
impossible. Two methods which seem to be of practical
value in the present situation are 1) processing of the auto-
correlation function of the input and cross-correlation func-
tion of the input-output6 and 2) the least-squares approxima-
tion method.4-11 These methods are explained in Appendix
B.
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Because of the on-line identification requirement we pro-
pose a new and (storage-wise) economical method of identifi-
cation based upon discrete orthogonal functions. It is de-
scribed as follows:

= x,-*(z)/u;*(z) ^
2N

n=0

2N

n=0
(3)

wherein the infinite upper limit of n (n = °o ) is approximated
by 2N, under the assumption that for the frequency domain
of interest the contribution from terms higher than z~2N is
negligible. Let

«y(n) (4)

= u,-*(n) + v3-(n) (5)

where ^>*(w) are orthogonal functions assumed to be satisfying
the following conditions:

<?k(n)<pi(n) = dki, the Kronecker delta (6)

(8) and (10), and Eqs. (11-13) with n = 0, 1, 2. Figure 4
shows the block diagram for the identification subroutine.

Choice of Orthogonal Functions <pk(n)

Consider the integral, #\g\=jif(z)dz. If f(z) has all its poles
inside (or outside) the unit circle and the difference between
the degree of numerator and denominator is at least 2, then

f^=J(z)dz = 0 (14)
Equation (14) forms the basis for construction of different
kinds of orthogonal functions. From ParsevaFs theorem5

v*(n)Vl(n) = ̂ -. £
•? ' ~

- (15)

Hence if $k(z)$i(z~l)l/z have the same properties as f(z)
discussed previously, then <pk(ri) and <pi(n) are orthogonal.
As an example let us choose the following orthogonal set :

= [(z - 2)/(2z - 3. - 1)]

= 0 (7) fc- i
n=0 n=0

The coefficients Ak
(j\ Bk

(i\ again approximating the infinite
upper limit by 2N, are given as:

2N

From Eqs. (3-5),

where
fc= i

From Eqs. (8) and (10)

where
n=0

2N

^
0

n=0

(8)

(9)

(10)

(11)

(12)

(13)

The quantities that an
(y) and 6n

(j) represent are numerator
and denominator coefficients and are called the parameters.
In general, an

(/) and &re
(/) are very small for large values of n.

For the application under consideration truncation at n = 2
is sufficient. Parameters for higher values of n should be
negligible. Thus, the identification scheme comprises Eqs.

~ m)[(k + I)2 - I]1/2

fc-1
II (mz - l)(k + 1 - 2 ) A; = 1, . . ., oo (16)

w = 0

It can be easily verified that

= 5ki (17)

Another general set can be written as

$k(z) = II F(am,z)$(ak,z) k = 1, . . ., oo (18)
m = 0

where

F(am,z) = (z - am)/(amz - 1) w = 1, . . . , « > (19)

- 1), |a*|>| (20)

Optimal Synthesis Subroutine

In this section we assume that the vehicle transfer function
G(»(z) is known, and at time t = T + j(T/2N) it is described
by Eq. (11) with only three terms each in the numerator
and denominator. We are interested in computing the
closed-loop transfer function so that some performance index
I is optimized. For simplicity we shall omit the subscript
and superscript j and assume its implicit presence. Thus
Xj(ri) = x(n),aW = a*, and(r(y)(^) = G(z). We assume that

n) + bix(n - - 2) =

Let us choose a performance index8"

— 2) = v(n) (21)

(22)

f 02N[ . ,i2Nvh<n>}o
{w<
w

Fig. 4
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Identification subroutine.

where ft is some known constant, and v(n) is given by Eq.
(21). Let the optimal output function be given by
Then the nonoptimal function x(ri) can be written as

x(ri) = x-\(ri)

x(n — m) = x\(n — m) + er)(n — m) (23)

where rj (n) is some variation function. The necessary
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optimization condition is

d//del€=o = 0
From Eqs. (22-24),

dF(n + &)"
be

" f 2 ?)F(n + A;)"!

2-r 2-f ftpfo) U(n)=0«=0 n = 0 l_ f c = = 0 UXl/t; J z(n)=a;t(n)

(24)

(25)

Since 77(11) is an arbitrary function, the optimal synthesis is
achieved by

/ j (26)

For a general system with order m, the upper index of sum-
mation is m. From Eqs. (22) and (26) , we obtain

2)

where
- 2) = 0 (27)

(28)
Equation (27) represents the discrete Euler-Lagrange equation
whose coefficients cm depend upon the value of /3 and the
vehicle dynamics coefficients bm(m = 0, 1, 2). The char-
acteristic equation corresponding to Eq. (8) is

F(z) = (29)

For the identified transfer function at t = T + JT/2N having
an order m, the coefficients Ck and the polynomial F(z) are
designated by superscript "j." Equation (29) is such that
if z is replaced with z-1, it remains unchanged. Thus, for
every root (z + a) there is a root (az + 1); i.e., for every
root outside the unit circle, there is a corresponding root inside
the unit circle. Since the roots outside the unit circle repre-
sent an unstable response, the closed-loop compensation must
be so chosen that the residue corresponding to the unstable
roots is zero. This suggests that if we can write

F(z) = (30)

then V(z), with roots inside the unit circle in the z plane can
be chosen to represent the characteristic polynomial for the
closed loop system. Thus from Eqs. (29) and (30)

where

+

= z2 +

= Ci/C2, 1

+ a<> (31)

OLi2/QtQ = Co/02 (32)

In general, higher-order systems [Eq. (32) ] are nonlinear and
tedious to solve. Since the coefficients cm do not change very
much from t = (1 + j - l/2N)T to t = (1 + j/2N) T, it is
appropriate for computational economy to linearize Eq. (32).
Thus, if Eq. (32) can be written as the vector equation

= g(

then, let
tty =

(33)

(34)

Linearizing Eq. (33) yields

g t t(j) = (V0fr)~1(g(j') — f^'"1*) (35)
where (VafT) represents the Jacobian and f (j'~1} is f (a) both
evaluated for a = a(?'~1}. The quantity a is a (m — 1)
vector whose components are a0, «i, etc. Thus, a0

(y),
ai(^, etc. are computed from Eq. (35), starting with some pre-
computed initial values a0

(0), ai(0), etc. A final check should
be made to insure that the roots of the polynomial
within the unit circle.

lie

Fig. 5 Instantaneous closed-loop transfer function.

Adaptive and Optimal Compensation

From Fig. 5 the optimal adaptive closed-loop transfer
function K^ (z) is given by

'' Wtt (36)

Let us assume the compensation D^(z) of the form shown in
Fig. 5, and G*(z) as given by Eq. (11) truncated at n = 2.
From these, the closed-loop characteristic polynomial
is given as

7 ( .•) —-I I /O>7\- d^z l\ (37)

From Eq. (30) the optimal adaptive closed-loop characteristic
polynomial is computed as

V^Cs-1) = z~* + a^z-1 + oo(y) (38)

From Eqs. (37) and (38)

d(») = \$W]-laW (39)

where

0 60
(/) 0 _

(40)

(41)

Vector d(3'} is fed into the compensation routine c to provide
updated D^(z). Figure 6 shows the autopilot summary.

Conclusion

A scheme for a digital adaptive autopilot has been de-
scribed which uses identification and optimal synthesis
process to compensate for time-varying dynamics of the
aerospace vehicle. There are still some questions to be in-
vestigated. Notable among them are the proper choice of

Fig. 6 Autopilot sum-
mary.
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<pk(ri) for identification and proper choice of performance
index. Some experimentation with digital simulation is
necessary to evaluate its effectiveness and to provide a basis
for selecting the sampling time T/2N and identification time
T.

Appendix A: Airfrarne Differential Equations

Assuming linear aerodynamics, the equations of motion can
be developed based upon the two-degrees-of-freedom longi-
tudinal airframe differential equations, called the short-
period approximation:

Id = Maa + MSedc,
a = 6 — 7, aN

mVy = Naa
-- (Na/M)a (Al)

where Af« = CnaSAMq, M8c = CM8qAL, and Na = CNaqA.
The variables 0, «, 5C, and a# represent the aircraft pitch rate,
angle of attack, flap position, and normal acceleration. The
coefficients Ma represent dimensional stability derivatives
which need identification, and the quantities I, M, L, A, S, V,
and q represent moment of inertia, mass, length, surface area,
velocity, and dynamic pressure. If these equations are
combined together, sampled and transformed, one obtains

G(z) = aN(z)/dc(z) =
(A2)

Appendix B : Identification

Method 1 : Based upon Correlation Functions

Assuming that various time functions in the closed-loop
control systems are stationary, the input autocorrelation
function is related to the output cross-correlation function as
follows (see Fig. 1) :

Rux(n) = J] k(m)Ruu(n - m)

where

Rux(ri) = Lim
-+ oo AIV

Ruu(n) = Lim
. N-+CQ

(Bl)

(B2)

w(j)u(» + J) (B3)

k(m) = impulse response of system at t = Tsm. Ts = sam-
pling period. Equation (Bl) is of infinite order. But for
stable system k(m) tends to zero as m tends to infinity, it
seems appropriate to replace the upper limit oo by a finite
index L Thus (Bl) can be approximated truncated at m = L
Letting n vary from 0 to I yields a matrix equation

where

(B4)

(B5)

JR«(0 J
"7? /T^ Z? /1 \ E> n\
•K>UU\\J) J-VUU\1-) • • • Jll'ti'MVV

/2uu(l) ««u(0) . . . Ruu(l - .

w(l) Ruu(l - 1) . . . /MO)
Equation (B5) is solved to obtain the impulse response.

(B6)

Method 2 : Based upon Least- Square Approximation

If Equation (12) in the body of the paper is written in terms
of input and output samples, one obtains

1=0
(bo = 1) (B7)

k = 0, 1, . . ., AT
Equation (B8) can be rewritten as

ek (B8)
1=1

where a**, bi* represent the predicted values and ek the error.
The quantities a^*, bi* are computed so that

ek
2 = Minimum

This yields the solution of the form

a = (
where

(B9)

(BIO)

a = (Bll)

bt -J

T stands for transpose and f stands for pseudo inverse.
Matrix A is in general rectangular, whose elements are Uk and
xk.

It should be remarked that for adaptive identification,
instant by instant inversion of large matrices is very unsuit-
able for airborne computers.
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